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Using the pivot method we solve a t h i rd -o rd e r  differential  equation that descr ibes  the heat 
exchange of a gas with a cooled turbine blade. 

The t empera tu re  var ia t ion along the length of a cooled turbine Made is descr ibed  by a t h i rd -o rde r  dif-  
ferent ial  equation with var iab le  coefficients  [1, 2]. Variants  of the analyticai  solution of the indicated equa-  
tion a r e  developed in [1_, 2]. i t  is also possible to use dif ference methods [3], which, in pr inciple ,  a r e  m o r e  
universa l .  The method proposed in [3] has a shor tcoming r e l a t ed  to the difficulty of accura te ly  determining 
the initial data for  calculations at  the blade root  sat isfying the boundary condition at  the ve r tex  [4]. 

1 .  D i f f e r e n t i a l  E q u a t i o n  f o r  D e t e r m i n i n g  t h e  T e m p e r a t u r e  

o f  t h e  C o o l e d  B l a d e  

Under thermal  conditions the t empera tu re  distr ibution along the length of the cooled blade is d e t e r -  
mined from the following relat ions:  

a) the heat  balance in e lement  dx 

dx x+ax 5:g " dx ,x; (1) 

b) the equations of heating of the cooling a i r  flowing by e lement  dx, taking account of the effect  of the 
centrifugal  forces  

GacpadT a = (ZaU a (T b - -  Ta) dx @ G'acpadVau , (2) 

F r o m  (1) and (2) we have [11 

d 2 )~F dO + O:aual . d )~F dO __ ( .agavUg avl 2 ~gUg ~ ~r Fr l dx 
d~ ~ z ~  "dx 6~p~ ~ X~F~ d--7 ~ Z~F~ ~ . , ~  

[ -  3,r~ " ~ "  CtgavUgav ~.rFr "--dx agavUgav 

= - -  7g avUg avl 2 agug dO*g [aS avug avl ~ aaual 

~r Fr Ctgav Ugav dx --  [ ~ " GiCpa 

,~s.v.gavt' a ( ~u, ) ] o ; - ; ~ . . . . a a . l '  ~oV ' •  (3) ~gug + _. - �9 _"-:w'-- �9 
• CegavUgav )~rFr dx agavUgav ~ cpaTgav ~ l . '  

F rom (3) we can obtain a differential  equation of the form 

t i t  * t t  * o /(~ + o K~ + o'K; + o/~; = K*, (4) 
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Coefficients of: a) the differential equations; b) the re- 
currence relations. 

w h e r e  

*---; 1(3-- EF K~--- c~aual 
~rFr Gacpa 

K, = ~ . ,  XrFr / GaCpa dx [ X ~ r )  - -  XrF r %avUgav XrFr ' 

Ko = - -  aga.v"gav/L �9 ~ %ug __ C~gavUgav/: , & ( %Ug .. . .  /;  
~rFr G'aCpa agavUg av ~rFr dx %avUg av / 

K *  agavUgavF c~gug dO2g e~ [ ~ av Ugavl'* o~a, ual 
X r F r ag avUg av dx L LrFr Gacpa 

X %av%av ~,rFr d x \  %avUgav LrFr cpaTgav\ l , '  

T h e  coef f ic ien t s  K*3, K 2 ,* K~, K~, and K* have a comp l i ca t ed  c h a r a c t e r  of va r i a t i on ;  in the genera l  
c a s e  i t  is not  p o s s i b l e  to so lve  the sought  d i f fe ren t ia l  equat ion  ana ly t ica l ly .  Resu l t s  of a n u m e r i c a l  c a l c u -  
la t ion  of the va r i a t i on  of  the coef f ic ien t s  of  the d i f fe ren t ia l  equat ion for  a spec i f i c  blade a r e  given in F ig .  l a .  
To ca lcu la t e  the coef f i c ien t s  we took the fol lowing va lues :  Ug = 116 ram;  Ua = 83 m m ;  F = 2 . 0 7 . 1 0  -4 m2; r r 
= 262.8 r am;  w = 1256 1 / s e c ;  G a = 0.00622 k g / s e c ;  Cp.a = 1005 J / k g ' d e g ;  l =o92 m m ;  1- = 1000 h;  h = 0.125; 
~g  = 1060 W / m  2 . deg ;  we u s e d t h e m a t e r i a l  E I -612 ;  T g a v  = 1145~ T ~ r  = 510 K; ~aUa/~gUg = 1; ~ ~(x) 
was commonly in conformity with the characteristics of the material and the values of the temperature Tb 

* * - 

based on preliminary calculations; | = | (see Fig. 2 below). 

2. S o l u t i o n  o f  E q u a t i o n  

We r e p l a c e  the de r iva t i ve s  by the f in i t e -d i f f e rence  r e l a t ions :  
1 

(0% ~ - ~ -  (%+1 - -  % - 0 ;  

(e"). ~ ~ (%+1 --  2% + %_1); 
/ ? . *  

(5) 

(6) 

#1 i  N 1 ( o ) ~  ~ T (e,~+~ - -  3e , , . 4+  3e , - -e , ,_ , ) .  

F r o m  (4)-(7) for  the c r o s s  s ec t ion  0 we obtain  

Ao% § Bo@l -~ Co@ o -}- DoO_ 1 = Eo, 

(7) 

(8) 
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Fig. 2. Variat ion of the r e l -  
at ive t empera tu res  along 
the blade length. 

where  

where  

K~ K; K~ __ 3 - = -  Co K| - -  + K 3 ,  =- 2 f(2 3 - -  
A| = ~ ; ,  Be = ~ - +  A- T A3 h~ ~ ' 

Do = __ .I( 9 _~ K2__ K3: ," E o = K*. 
h h ~ h 3 

In general  fornl ,  for the n-th c ross  sect ion,  we have 

A~O~+2 + B.O~+I "k C.O~ + D.O._t = E.. (9) 

In the root  c ross  sect ion we a r e  given the boundary conditions: 

~.. 1. Or = 06 

2. h ~l ( 0 1 _ 2 0 o + 0 _ , ) ~ m o =  (, d~d-~-2 )o 

(they a r e  determL~ed by means  of p re l iminary  calculat ions f rom (1) for  
given * | A = A(x); F = F(x)). F rom the second boundary condition 

BoO ̀ + CoO o + Doe_ ' = Eo .  (10) 

Eliminating O-i f rom (85 and (10), we obtain 

D--oAoO 2 + (Bo-D o - -  BoDo) O, + (CoD ~ - -  C-| O o _-- Eo~ o -  E'oDo. (11) 

From (11) we de te rmine  01 = O1(O2) in the form 

01 = Sl + PIO v (12) 

* E~176 - -  E-~176 C~176 - -  C~176 Co; (13) 
s ,  = Bo~o _~oDo Bo-_Do_ B__oD ~ 

P~ = AoDo 
Bo~o_ ~oDo" (14) 

or  

We w r i t e E q .  (9) for  the c ros s  sect ion I: 

A I O 3 + B I O ~ + C I O I + D t O o = E t .  

Replacing |  and determining 02 = 02(| f r o m ( 1 2 5 w e h a v e  

E 1 - - D I 0 3 - - C l S ~  A1 
O ~ =  B I + C , p  ~ B t + C t p  ~ 03, 

(15) 

where  

0 2 = S,~ + P~O 8, (16) .  

s ;  = E, - o,  o o -  c , s ; .  
Bt + C,P; ' (17) 

or 

p; = A, 

B, + C,P~ " (18) 

We wri te  Eq. (9) for  the c ross  sect ion 2 and we de te rmine  s imi la r ly  | = |174 using (12) and (16): 

B~ + C~P~ + D2P;P*z ' - -  B= + CaP; + D=P*2P'I 

03 ---- $3 + P304. (19) 

We wri te  Eq. (9) for  the c ros s  sect ion 3 and we de te rmine  @4 = @4(| using (16) and (195: 

A3 (20  
B3 + C3P~ + DaP~P*2 03' 

o ,  = ~ ,  - c 3 s ;  - D3S; - -  D3P;S__; 
B3 + C3P~ + D3P'3P; 
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or  

As a r esu l t  of the calculations per formed,  we can develop a general relat ion for the determination of 
On = |174 in the form of the following r ecu r r ence  relat ions:  

0 .  = S~, + P:@~+~; (21) 
On_~ = S~,_, + PL,O~, (22) 

where 
S'n = E " - I  - -  S t - ,  (C~_I + D._,P' ._e) - -  S '~-2D._ ~ . 

B._ I + C._~P'-, + D._iP:-,P:-2 ' 

B,~- + C._,P*._, + D,~_IP*.-~P*.,-2 

The boundary condition at the vertex of the blade | = 1 (we neglect the discharge of heat into the gas through 

the upper face of the blade). 

We write Eq. (9) for the cross section (n-l): 

A._lO~+I + B~_I@. + C~_,@.._I + '  D~_,O._~ = En_l. (23) 

F rom the boundary condition for x = 1 we obtain 

A-- bO.+~ + ~- bO._- ~ = E--b ' (24) 
\ 

where 
- -  1 - -  1 . E--b = O "  
A.b = -~-; C . b  - 2fi" 

F r o m  (23) and (24), el iminating |  and taking into account  that | = S*-2 + Pn~On-~ ,  we have 

A--.b (E~- , - -  D~L,S'._2) - -  E,,bA,,_, A.bB.L~ 
O~_,= Z ~ b ( C . L , + D ~ _ , p . _ 2 ) _ A . _ , ~ -  - -  A_b(C~z_FD,,_,p,,,_~)~A~_/~_b O., (25) 

or  
O._1 = S~,*-, + P._,O..  (26) 

F r o m  (22) and (26) we determine | 

S:_, - -  S~'_, (27) 

Knowing On, from Eq. (22) we can determine successively | �9 �9 �9 | 

�9 Results of a numerical calculation for the coefficients A, ]3, C, D, E, S*, and P* for a specific blade 

a r e  shown in Fig. lb  (see above for the initial data). 

Results  of a numer ica l  calculat ion of the tempera ture  a re  given in Fig. 2. An increase  in the number  
of sections did not lead to a noticeable ref inement  in the @b = | dependence. 

F 
Gg, Ga 
Ug, Ua 
W ,T* 
O~ = O a / Z  

Cpa 
dTau = ~2 (r r + x)dx/epa  

O = T / T g a v  

NOTATION 

is the coefficient of thermal  conductivity of the mate r ia l ;  
is the c ros s  sectional a rea  of the blade; 
a re  the coefficients of heat exchange On the gas and a i r  s ides;  
a re  the exter ior  and inter ior  pe r ime te r s  of the profi le of the blade; 
a re  the tempera tures  in the boundary layer  on the gas and a i r  s ides;  
is the a i r  f low-rate  through one blade (z is the number of blades);  
is the specific heat  of a i r ;  
is the heating of the a i r  due to the compress ion  by centrifugal forces  at  the s e c -  

tion dx; 
is the relat ive temperature .  
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S u b s c r i p t s  

r denotes the root of the blade; 
av denotes the average diameter.  

1, 
2. 
3. 
4. 
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